Abstract: Within the framework of the modified semi-classical Fuchs-Sondheimer model, we investigated theoretically the electrical resistivity of multilayered structures (MLS) consisting of alternating metallic layers (of different purity and different thicknesses) in a transverse magnetic field as functions of the ratio of the adjacent layer thicknesses and the magnetic field value. We have derived both a general formula (valid at arbitrary values of layer thicknesses) and asymptotic expressions that are valid when metallic layers are thick or thin compared with the electron mean free path. We found a non-monotonic behavior in the resistivity vs. the value of an applied magnetic field. As we demonstrated, this behavior is sensitive to the characteristics of the electron scattering in the interlayer interfaces in low magnetic fields. Moreover, the MLS resistivity oscillates in high magnetic fields with the field value (or with the layer thicknesses). The oscillation includes the harmonics that correspond both to the each layer thicknesses and the total thickness. The intensity of the oscillation is determined by the diffusive electron scattering in the interfaces, and the oscillation amplitude is proportional to the coefficient of the electron transmission through the interlayer interfaces. We have calculated numerically the resistivity in a wide range of fields and layer thicknesses at various values of the parameters of the interface and bulk electron scattering.
Introduction
In recent years, transport phenomena in multilayered structures (MLS), consisting of alternating metallic layers, have been the focus of attention of both theoreticians and experimentalists. First, these structures are of immediate interest to microelectronics and computers technologies. Second, the MLS are of fundamental interest to condensed matter physics and surface sciences. Thus, in the Sondheimer-effect situation (see [1] ), galvanomagnetic effects provide us the detailed characteristics of the boundary scattering in thin films [2, 3] .
In this paper we investigate theoretically the galvanomagnetic size effect of the oscillatory type in multilayered structures (MLS), consisting of alternating metallic layers (of different purity and thicknesses), when an external magnetic field is applied perpendicularly to the layers. Our analysis is based on the modified semi-classical Fuchs-Sondheimer model [4, 5] . The paper is organized as follows: In Section 2 we introduce the basic model and provide the general expression for the resistivity of the MLS within this model. Section 3 contains some asymptotic formulas for the cases in which metallic layers are thick or thin compared with the electron mean free path. Results of our numerical calculation are given in Section 4, and a summary is given in Section 5.
General approach: The electrical resistivity of multilayered structures in a transverse magnetic field
Let us discuss the electrical resistivity of the periodic, multilayered structure consisting of two alternating, single-crystal metallic layers of different thicknesses (d 1 = d 2 ) and purities (l 1 = l 2 , where l 1 and l 2 are the electron mean free paths in the first and second layers, respectively) (see, Fig. 1 ). Since our MLS is a periodic structure with bi-layer thickness d = d 1 + d 2 as a multilayer repeat period and neglecting edge effects, we may reduce our problem to calculation of the resistivity of the two-layer film with the periodic boundary conditions. Let the x-axis be directed normally to the interface. We assume that the MLS is of infinite extent in the z and y directions. Let an external electrical field E be applied in parallel to the layer interface and an external magnetic field H be applied perpendicular to the layers. Assuming the magnetic field is high enough, we find that the cyclotron radius of the electron orbits is small compared with the layer thicknesses: r d 1,2 (see Fig. 1 ). The electric current density J is given by
where e is the electron charge, h is the Planck constant and v j is the velocity of an electron in the jth layer. A distribution function f j (r, p) for electrons at the position r with momentum p and energy ε j ,
obeys the Boltzmann transport equation; f 0 (ε j ) is the Fermi distribution function in the jth layer. Within the τ -approximation for the collision term, this equation takes the form
where τ j is the characteristic relaxation time in the bulk of the layers and t is the "trajectory time". The general solution of equation (3) may be written in the from
Here, functions F j are constants along the electron trajectory between two subsequent collisions with the layer interfaces, and the values of F j are determined by the imposition of boundary conditions. The boundary conditions connect the distribution functions of the electrons reflected by the interfaces at the points with the x−coordinates x s = −d 1 , 0, d 2 and at the moment λ with the distribution functions of the incident electrons and electrons that passed through the interfaces, where λ is the root of the equation [6] 
For the sake of specificity and simplicity, assume that the Fermi surface in each layer is a sphere of radius p 0 . In this case we may neglect the chemical potential of the reflected and transmitted electrons by renormalization [7] . Consequently, we may write the boundary conditions in the following form (see also [7, 8] 
Here, P j n = const is the probability of specular reflection of the electrons from the interface between the jth and nth layers, Q n j = const is the probability of the electron transmission from the nth layer into the jth layer without scattering, and Pij + Qji ≤ 1. The index s j = sign( v x j ) determines the sign of the x-component of the charge carrier velocity in the jth layer (s 1 = +, s 2 = −). Quasi-momenta p, p , and p are related to each other by the condition of the specular reflection from the interface between the jth and nth layers when the energy and the tangential (i.e., parallel to the interface) components of the electron quasi-momentum are conserved. Symbol "tilde" in the second term in the right-hand side of Eq. (6) means that the given function describes the chargecarrier distribution in the layers that are adjacent to the bi-layer (the multilayer repeat period) we are considering.
By substituting functions Ψ j (r, p) from Eq. (4) into the boundary conditions (6) and (7), we obtain a set of linear algebraic equations that allows us to calculate the coefficientsF j . With knowledge of the distribution functions in each layer, we get the components of the conductivity tensor σ αβ (α, β = y, z), which connect the full electrical current in the MLS (Eq. (1)) with the electrical field E β
where σ 0j is the conductivity of a bulk sample with bulk relaxation time τ j in the zero magnetic field. The thickness-dependent function Φ * j determines the influence of the layer thicknesses on the conductivity and may be written in the following form
Let us discuss some of the simplest limiting cases. First, let the interface scattering be fully specular (P j n + Q n j = 1) and the following equalities fulfilled
Obviously, in this case, the conductivity of the MLS in the transverse magnetic field is equal to the conductivity of the bulk sample, and it does not depend on the layer thicknesses (see Fig. 2a , curve 4). Then, formally, one may consider the MLS as a bulk sample [6] .
In the opposite limiting case, when interfaces are opaque to the flows of electrons (Q j n = Q nj = 0), we find that functions Φ * j are independent of the characteristics of the adjacent layers. Additionally, when Eqs. (12) are valid, P j n = P nj = P, and d j = d n = d, we find that the conductivity is the same as the conductivity of a thin layer [1] . Consequently, one may consider the MLS as a thin metal plate, with the probability of specular reflection from the boundaries equal to P .
A special case arises when both metal layers of the be-layer period have the same characteristics: both thicknesses and parameters of the bulk and interface scattering are the same:
, P j n = P n j = P , and Q j n = Q n j = Q (the Ustinov model, see Ref. [7] ). Naturally, in this case, one may consider our MLS as a thin metal plate with the probability of specular reflection in the boundaries equal toP + Q.
In summary, we note that Equations (7) and (8) resolve the conductivity problem and determine the components of the conductivity tensor as functions of the layer thicknesses and the magnetic field at arbitrary values of the parameters P j n , Q nj , k j , and β j . Integrals in Eqs. (7) and (8) are not to be represented by elementary functions. Generally speaking, further analysis should be based on numerical calculation. However, we have obtained analytical formulas for the thickness-dependent functions in a number of limiting cases. We discuss these situations below and compare our theoretical results with experimental data. Apparently, the dependence of the resistivity of the MLS on the layer thicknesses d n,j and the magnetic field parameters β j are the most interesting cases from the experimental point of view.
Asymptotical formulas for the thickness-dependent functions
First, we discuss the case in which metal layers are thick enough: k j 1. Then the exponents in Eq. (9) are vanishingly small, and one may calculate the integral in Eq. (9) . Consequently, we obtain the following formulas for the functions Φ j , which are valid at arbitrary parameters P j n , Q n j , and β j
(14) Here β j /k j ≡ Ωτ j where Ω is the cyclotron frequency. From the comparison of Eqs. (14) with the formulas of the conductivity of a twolayer film (see, for example, [9] ) we may conclude the following. Formally, in this case, the conductivity of the MLS is equal to the conductivity of the two-layer film with the following parameter, which corresponds to specular reflection in the outer boundaries
Let us discuss the conductivity of the MLS at low magnetic fields (β j 1), when our metallic layers are thin enough, that is, k j 1. For the sake of simplicity, let us assume that the electron scattering in the interlayer interface is diffusive (P j n = 0). Then, the change of conductivity of the MLS, caused by applying a weak magnetic field, is given by
Here the thickness-dependent function Φ j (0) in zero magnetic field may be written as (see [9, 10] )
In the opposite case, when a high magnetic field is applied to the MLS (β j 1), we may write the thickness-dependent function Φ j ≡ ReΦ * j [see Eq. (10)] as a sum of monotonic and oscillatory functions of the magnetic field:
The monotonic part of the thickness-dependent function (see, Eq. (10)) in the high magnetic field may be written as
It follows that the monotonic part decreases when the specular reflection in the interfaces increases and (P j n + Q n j ) → 1.
To find the oscillatory part of the thickness-dependent function Φ os j , we calculate integrals in Eq. (10) using the method of stationary phase. We have to keep the terms that arise after single integration of the oscillation functions exp (−β j /x); each subsequent integration adds a small factor β −1 j . Consequently, we neglect the remaining terms of the series because they add to the Φ osc j small corrections only. As a result, we obtain for the oscillatory function in high magnetic fields
Moreover, Φ osc j also oscillates, when one of the layer thicknesses changes. Consequently, we obtain the following ratio of the oscillatory and monotonic parts of the Φ j Φ osc j
whereΦ ocs j is given by Equation (20). Here, we should note that the oscillation is due to the loss of correlation between incident and reflected electrons (or electrons transmitted through the interlayer interfaces). Regions in the vicinities of the points where the variable of integration is equal to unity (corresponding to the support points on the Fermi surface [11] ) are the main contribution to the value of Φ osc j . To verify our calculation, consider a simplest case, viz. the Ustinov model [7] : d j = d n = d, l j = l n = l, P j n = P n j = P, Q j n = Q n j = Q, and β j = β n = β. Equation (18) may then be reduced and simplified:
It is easy to obtain the maximum conductivity of the MLS in a high magnetic field for the Ustinov model: σ
In summary, we obtain the following result. Like the static conductivity [6] , the conductivity of the MLS in high magnetic fields depends on the full probability of the electron scattering in the interlayer interface P + Q. Qualitatively, one should obtain similar dependencies of the conductivity on the layer thicknesses ratio d n,j and the magnetic field when the field is tilted with respect to the layers. It is necessary to replace d j with the d j / cos θ in Eq. (10) (where θ is the angle between the magnetic field and the normal to the layer) (see [12] ).
Numerical results
To calculate numerically the resistivity of the MLS ρ it is convenient to start with the following formulas
, where the thickness-dependent function Φ * j is given by Eq. (10), and ρ 01 is the bulk resistivity of the layers with index 1. In deriving Eq. (25b), it is necessary to take into account both that Φ 2 tends to unity with increasing d 2,1 and ρ 0j ∼ l −1 j . Note that we have the independent parameters in Eq. (25), which describe the interface scattering, the bulk scattering processes, and the magnetic field. These parameters are as follows: parameters of the interlayer interface scattering P j n and Q nj ; the thickness of one of the layers normalized to the corresponding electron mean free path k 1 ; the ratio of the electron mean free paths in the adjacent layers l 1,2 = l 1 /l 2 ; and the magnetic field parameter β 1 . The rest of parameters may be represented in the following form
The results of our calculations are displayed in Fig. 2 . The curves in Figs. 2a-2d depict the dependence of the resistivity ρ (in units of ρ 01 ) on d 2,1 = d 2 /d 1 in a weak magnetic field (β 1 1) at various parameters, calculated from the expression (25) that is exact within the given model [4, 5] .
Let us discuss our findings. First, when d 2,1 1, the behavior of ρ (d 2,1 ) is determined by the characteristics of the interface scattering (see Figs. 2a and 2b) , and it does not depend on the characteristics of the bulk scattering l 1,2 (see Fig. 2c ). On the contrary, when d 2, 1 1, the resistivity is determined by the bulk scattering, and ρ (d 2,1 ) tends toward l 1,2 (see, Eq. (25) and Fig. 2c) . Naturally, when the thicknesses of adjacent layers are of the same order, that is, d 2 ∼ d 1 , we observe the competition between interface and bulk scattering. This leads to the maximum on the curve ρ (d 2,1 ) . However, the maximum disappears with either increasing specular reflection (Fig. 2a) or specular transmission (Fig. 2b) through the interface. Increasing the ratio of layer thicknesses to the electron mean free path also leads to the disappearance of the maximum. The behavior of ρ (d 2,1 ) with increasing d 2,1 depends on the ratio of the value of the resistivity at the small-thickness ratio ρ (d 2,1 1) ∼ Φ
−1
1 to its value at the large-thickness ratio, when Fig. 2 Calculation of the resistivity (in units of ρ 01 ) of a multilayered structure with a be-layer as a repeat period in a low magnetic field vs. the ratio of the layer thicknesses. The model parameters: a) P j n = 0, 1,
In the case of Φ −1 1 < l 1,2 , the normalized resistivity increases monotonically with increasing d 2,1 , and, vice versa, when Φ −1 1 > l 1,2 , the normalized resistivity decreases monotonically. In both cases, the normalized resistivity tends asymptotically to l 1,2 with increasing d 2,1 [see Equation (25), Fig. 2a (curves 3 and 4) , and Fig. 2b  (curves 2 and 3) ].
To simplify the qualitative interpretation of the results, consider a simple model and neglect the curvature of the electron trajectories due to the low magnetic field. In this case, the function Φ j may be written approximately in the following form:
Here we neglect both a numerical factor and the logarithmic factor, ln (1/k j ), which corresponds to the grazing electrons that move almost parallel to the layers and undergo interface scattering (see also the Pippard conception of inefficiency, [13] ).
Substituting Equation (27) into Equation (25) and analyzing the result, we may find the extreme points of the function ρ (d 2,1 ) . It is easy to check that our function ρ (d 2,1 ) has a maximum in the point
Taking into account that σ 02,1 l 1,2 ≡ σ 02 l 1,2 /σ 01 ∼ 1, we obtain d 2,1 max = 0.414, the extreme point of the function ρ (d 2,1 ) in the case when P j n , Q nj → 0. This value is of the order of the result of our numerical calculation (see Fig. 2 ).
Magnetic-field dependences of the resistivity are depicted in Figs. 3a-3d at various parameters. As shown in these Figures, the resistivity of the MLS ρ (β 1 ) is an oscillatory function of the magnetic field (or the thickness of the layer, remembering that β j ∝ d j H). Note also that the amplitude of the oscillation decreases with increasing β 1 . Moreover, the amplitude decreases with either increasing specular reflection in the interlayer interfaces (see Fig. 3a and Fig. 3b ) or with increasing normalized thicknesses k 1 (see Fig. 3c ). In the case where interface scattering is fully specular (P j n + Q n j = 1), the resistivity of the MLS is equal to the resistivity of the bulk sample [see Fig. 3a (curve 4) and Fig. 3b  (curve 4) ]. This fact has a simple physical explanation: The "specular" reflection does not destroy the synchronism of the electron movement; consequently, there are no oscillations of the ρ (β 1 ).
However, the decreasing specular reflection (due, for example, to the increasing of surface roughness) leads to the destruction of the electron movement correlation due to interface scattering, and in turn to the appearance of the oscillation in a magnetic field.
We should note here the following: In the case of fully specular characteristics of the interfaces (P j n + Q n j = 1), we did not obtain the oscillation behavior of the resistivity. This is due to the choice of the model characteristics: We assumed the isotropic and quadratic spectrum of the electrons. However, the choice of a more realistic model of the spectrum will modify this particular result. As pointed out in Ref. [3] , the resistivity of a thin metal plate oscillates with a magnetic field if the Fermi surface is of a complicated form. The reason is that a tangential projection of the velocity onto the current direction is not conserved at the reflection in the boundary.
Conclusion
To summarize, the conductivity of the multilayered periodical structure is very sensitive to the characteristics of the interface scattering. In a weak magnetic field, diffusive reflection in the interlayer interfaces causes non-monotonic behavior of the conductivity with increasing MLS period. In a high magnetic field, an oscillation of the resistivity with the magnetic field (or layer thicknesses) appears, caused by the interlayer surface roughness. The oscillations have a complicated character: In addition to the Sondheimer oscillation, which depends on each layer thickness, we found harmonics that are determined by the total be-layer thickness.
Thus, investigation of non-monotonic behavior of the resistivity vs. the ratio of the adjacent layers and a magnetic field may provide detailed information on the characteristics of the interface scattering. That is important both for the analysis of the electron transport in multilayered structures and the galvanomagnetic properties of these structures.
